Highly accurate ground-state nonrelativistic variational calculations of Ps 2 , 1 HPs, and ϱ HPs are reported.
Since the theoretical prediction of their stability ͓1,2͔, the positronium molecule and the positronium hydride have been subject to numerous theoretical studies ͑see, for example, Refs. ͓3-16͔, and references therein͒. The interest in these systems has increased in the last decade due to rapidly growing computer capabilities that have allowed treatment of four-particle and even larger quantum systems with high accuracy and due to the experimental observations of several positronic systems including HPs ͓17͔. The positronium hydride and, especially, the positronium molecule are important systems among four-particle systems with Coulombic interactions. They are of great interest in astrophysical applications and in solid-state physics. Thus, very accurate solutions of the Schrödinger equation for the stationary bound states of these systems and predictions of expectation values related to measurable quantities are desirable. It should be noted that obtaining precise binding energies with many converged significant figures in the calculations is not only of purely technical interest. Very well converged calculations are often needed to obtain adequate precision in determining expectation values of some operators related to quantities other than the total energy of the system. Those expectation values may converge much slower than the total energy. This happens because the weight assigned by the operators to certain regions of the phase space may be large in comparison to the significance of these regions to the total energy. An example of such an operator is the Dirac delta function dependent on an interparticle distance. When Gaussian basis functions are used in the calculation, the expectation value of this operator is often significantly underestimated or overestimated. In such a situation the Dirac delta function may be determined several orders of magnitude less precisely than the total energy. However, the needed accuracy of the expectation values of the delta function may, in some cases, be quite high in order to yield adequately accurate values of such quantities as transition properties that depend on differences between expectation values of the delta function calculated for different states. Operators, whose expectation values converge slowly such as those of the delta function, also appear in the expressions for relativistic corrections and in n-photon decay rates. In this work we have attempted to perform calculations that yield not only very accurate total energies and wave functions but also can be used to evaluate expectation values of different operators with a very high precision.
The lowest variational energy upper bound to date for the Ps 2 ground state, according to our knowledge, remains that from the work of Usukura et al. ͓9͔ , where the value of −0.516 003 789 058 a.u. was reported. In that calculation the authors used 1600 explicitly correlated Gaussians ͑ECGs͒. For ϱ HPs ͑an infinitely heavy mass of the proton was assumed͒, the lowest energy of −0.789 196 740 a.u. was computed in Ref. ͓16͔ using 1800 ECG functions. In the case of the finite hydrogen mass ͑ 1 HPs͒ the lowest energy value was obtained by the present authors ͓18͔ and it was −0.788 870 706 6 a.u. In that work we used 3200 explicitly correlated Gaussian functions with premultipliers in the form of even powers of the distance between the proton and the positron.
In the calculations reported here we have used simple ECG functions ͑without premultipliers͒ in the following form:
In the above expression, r is a nine-component vector,
where the R i 's are the original Cartesian coordinates of the particles in the laboratory coordinate system. A k is a symmetric, positive definite 3 ϫ 3 matrix of exponential parameters that are unique for each basis function, stands for the Kronecker product, and the prime is used to denote a matrix or a vector transposition. Explicitly correlated Gaussian functions ͑1͒ can also be written in a more conventional way;
where parameters ␤ ij,k are related to the elements of matrices A k and L k in Eq. ͑1͒. The choice of matrix A k in the Cholesky-factored form, More details describing the approach used here and those concerning the separation of the center-of-mass motion and evaluation of matrix elements with functions ͑1͒, etc., and those describing the computational procedures involved can be found in Refs. ͓19-21͔. Before being used in the calculations, the basis functions ͑1͒ have to be transformed by symmetry operators to account for the permutational symmetry within each group of identical particles in the system. In the present calculations particles 3 and 4 were electrons, particle 2 was a positron, and particle 1 was either a proton ͑in HPs͒ or a positron ͑in Ps 2 ͒. The proper symmetrization of the basis functions was achieved by applying to each basis function the ͑1+ P 34 ͒ projection operator in the case of HPs and the ͑1+ P 13 P 24 ͒͑1 + P 12 ͒͑1+ P 34 ͒ projection operator in the case of Ps 2 . Here P ij stands for the permutation of particles i and j. The result of applying the P ij operators to basis functions ͑1͒ is equivalent to certain transformations of matrices A k . There is an additional symmetry operator that needs to be applied to the basis functions for the Ps 2 system that reflects the charge conjugation symmetry between the two electrons and the two positrons. This operator is ͑1+ P 13 P 24 ͒ and it involves a permutation of the first electron with the first positron and a simultaneous permutation of the second electron with the second positron. A comprehensive analysis of the symmetry of the positronium molecule is given in Refs. ͓5,22͔.
In our calculations we used 5000 basis functions for each system. The basis set generation was carried out in two stages. In the first step we generated a small basis set of 100 functions and performed full optimization of all nonlinear parameters, i.e., all elements of the L k matrix, for each of the 100 basis functions. In this step we used the minimization procedure based on the analytical gradient of the energy calculated with respect to the L k parameters. Next the basis was enlarged to its final size of 5000 by incrementally adding 10-20 new functions to the basis set using a random selection of nonlinear parameters and optimizing one function at a time. After adding 10-20 functions the whole basis was reoptimized with the one-function-at-a-time approach. In this approach we also used the analytical gradient of the energy with respect to the exponential parameters. The formulas for the analytical gradient and remarks on its numerical implementation can be found in Refs. ͓19-21͔.
The convergence of the energies of the positronium molecule and the positronium hydride ͑for both finite and infinite proton masses͒ with respect to the number of the basis functions is shown in Table I . The proton-electron mass ratio used in the calculations of 1 HPs was 1836.152 672 61. For all three systems we obtained the energy values that are the lowest energy upper bounds to date. Moreover, upon comparing the energies computed with different numbers of basis functions with the corresponding values taken from the works of Usukura et al. ͓9͔, Mitroy ͓16͔, and from our own work ͓18͔, one can notice that somewhat better energy convergence is achieved in the present calculations. This resulted from more thorough optimization of the exponential parameters performed in this work.
In order to determine the accuracy of the present calculations we examined the energy convergence patterns presented in Table I . Simple extrapolations gave us the values of 4 ϫ 10 −10 and 2 ϫ 10 −9 for the relative errors in the energies obtained with 5000 basis functions for Ps 2 and HPs, respectively. The better convergence of the Ps 2 energy results from the higher permutational symmetry of this system. This makes the number of the terms resulting from the symmetry projection for each basis function four times larger than in the case of HPs ͑eight vs two͒. It should be emphasized, however, that the above-mentioned relative energy errors are only rough estimates. For this reason we do not show any extrapolated energies in Table I . The calculations of 1 HPs and ϱ HPs have been performed independently from each other. Nonetheless, our tests showed that using the basis set generated for ϱ HPs in the calculation for 1 HPs, where only linear coefficients of the basis functions are optimized, works quite well. This is because the difference between the two systems, ϱ HPs and 1 HPs, is very small in terms of their structures and the optimization of only the linear coefficients suffices to get very good energy for 1 HPs with the ϱ HPs basis set. In fact, the calculation of 1 HPs with the 5000-term ϱ HPs basis set gave slightly lower energy than that shown in Table I . The energy was −0.788 870 710 567 a.u. vs −0.788 870 710 444 a.u. given in Table I . The likely reason for this is the fact that the calculations for ϱ HPs were slightly better converged than those for 1 HPs and produced a better basis set even for 1 HPs ͑growing the basis up to 5000 and optimizing the nonlinear parameters is, in some way, a trial and error process͒.
In Tables II-IV we present some expectation values computed with progressively larger basis sets. The expectation values of the interparticle distances and their squares for all systems show convergence that is comparable with the convergence of the total energy ͑they are about one order of magnitude less accurate͒. These values are in very good agreement with the corresponding data from works ͓9,16͔. We also computed the expectation values of the two-particle contact densities, as well as three-and four-particle electronpositron contact densities. They can be used to make estimates of various positron-electron annihilation rates. The notation used in Tables II-IV is the following: ͗␦ e + e −͘ ϵ͗␦͑r e + − r e −͒͘, ͗␦ e + e + e −͘ ϵ͗␦͑r e + − r e +͒␦͑r e + − r e −͒͘, ͗␦ e + e + e − e −͘ ϵ͗␦͑r e + − r e +͒␦͑r e + − r e −͒␦͑r e − − r e −͒͘. As expected, the relative accuracy of the contact densities is significantly lower than that of the total energy. The two-particle contact densities for particles with opposite charges tend to be slightly underestimated, while the contact densities for particles with the same charge are usually overestimated. This results from the well-known deficiency of the Gaussian functions and their inability to describe the cusp behavior of the wave function. The relative accuracy drops even further for the three-and four-particle contact densities.
Using the contact-density data obtained in the calculations with the largest basis sets, we computed the zero-, one-, two-, and three-photon annihilation rates. The two-photon annihilation rate for a system containing both electrons and positrons, which is the dominant rate for this type of system, can be computed using the following expression that involves the expectation value of the electron-positron contact density: The coefficient k in Eq. ͑5͒ should be set to 1 for Ps 2 and to 2 for HPs because in the latter system there are two ways the electron-positron annihilation can occur and both ways have approximately equal annihilation rates ͓8͔.
The numerical values for the one-and three-photon annihilation rates obtained using the expectation values from Tables II-IV Table II we get ⌫ 0␥ = 2.3220ϫ 10 −9 s −1 . In summary, we have performed very accurate groundstate nonrelativistic calculations of the positronium molecule and the positronium hydride using explicitly correlated Gaussian functions. The computed energies set new improved variational energy upper bounds for these systems. The obtained wave functions can be used in accurate calculations of expectation values of various operators, in particular, of operators that appear in the calculations of relativistic corrections.
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